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Abstract 
 
Sliding Mode Control of the Reaction Wheel Pendulum 
 
Zhitong Luo, M.S.E  
The University of Texas at Austin, 2014 
 
Supervisor:  Benito Fernandez 
 
The Reaction Wheel Pendulum (RWP) is an interesting nonlinear system. A prototypical 
control problem for the RWP is to stabilize it around the upright position starting from the bottom, 
which is generally divided into at least 2 phases: (1) Swing-up phase: where the pendulum is swung 
up and moves toward the upright position. (2) Stabilization phase: here, the pendulum is controlled 
to be balanced around the upright position.  Previous studies mainly focused on an energy method 
in swing-up phase and a linearization method in stabilization phase.  However, several limitations 
exist. The energy method in swing-up mode usually takes a long time to approach the upright 
position. Moreover, its trajectory is not controlled which prevents further extensions. The 
linearization method in the stabilization phase, can only work for a very small range of angles 
around the equilibrium point, limiting its applicability. 
In this thesis, we took the 2nd order state space model and solved it for a constant 
torque input generating the family of phase-plane trajectories (see Appendix A). 
Therefore, we are able to plan the motion of the reaction wheel pendulum in the phase 
 vii 
plane and a sliding mode controller may be implemented around these trajectories. The 
control strategy presented here is divided into three phases. (1) In the swing up phase a 
switching torque controller is designed to oscillate the pendulum until the system’s 
energy is enough to drive the system to the upright position. Our approach is more 
generic than previous approaches; (2) In the catching phase a sliding surface is designed 
in the phase plane based on the zero torque trajectories, and a 2nd order sliding mode 
controller is implemented to drive the pendulum moving along the sliding surface, which 
improves the robustness compared to the previous method in which the controller 
switches to stabilization mode when it reaches a pre-defined region. (3) In the 
stabilization phase a 2nd order sliding mode integral controller is used to solve the 
balancing problem, which has the potential to stabilize the pendulum in a larger angular 
region when compared to the previous linearization methods.  At last we combine the 3 
phases together in a combined strategy.  Both simulation results and experimental 
results are shown. The control unit is National Instruments CompactRIO 9014 with NI 
9505 module for module driving and NI 9411 module for encoding.  The Reaction 
Wheel Pendulum is built by Quanser Consulting Inc. and placed in UT’s Advanced 
Mechatronics Lab.  
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Chapter 1：Introduction 
The Reaction Wheel Pendulum (RWP), which is also called Inertia Wheel 
Pendulum, is a classic nonlinear system in the pendulum family that also includes the 
furuta pendulum, inverted pendulum, cart-pole system and pendubot. In comparison to a 
simple pendulum, the actuator of RWP is installed at the end of the link, which brings 
interesting nonlinearities and coupling effects. The RWP lays the ground of many 
humanoid robots and rocket designs [1]. Due to the simple structure and nonlinear 
characteristics, it is often used to practice nonlinear control methods.  
 
Figure 1：A furuta pendulum 
 
Figure 2：A pendubot 
The task of controlling the RWP is to bring it from bottom position to upright 
position and stabilize it there. Due to the limitation of the torque, The RWP is unable to 
maintain an arbitrary position that we usually do in a simple pendulum. Therefore, the 
approach of controlling the RWP usually consists of at least 2 steps. Step one is usually 
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called swing-up in which the system oscillates the pendulum toward upright positon. 
Step two is usually called stabilization in which the system stabilizes the RWP in the 
upright position. 
Spong [2] made a significant contribution to the swing up strategy using an 
energy/passivity method. The energy of the wheel is defined as 𝑆1 =
1
2
𝜔𝑟
2. The required 
energy for the pendulum to stay in the upright position is defined as 𝐸𝑟𝑒𝑓 and the total 
energy of the pendulum is 𝐸. The energy storage function can be described as 𝑆2 =
1
2
(𝐸 − 𝐸𝑟𝑒𝑓)
2
. Thus the energy storage function for the system can be described as 𝑆 =
𝑘1𝑆1 + 𝑘2𝑆2. Spong selects an appropriate control input 𝑢 that it is able to assure that 
?̇? < 0 everywhere, which means both the wheel velocity ?̇?𝑟 → 0 and the total 
pendulum energy 𝐸 → 𝐸𝑟𝑒𝑓 . The latter implies that the pendulum is closing on the 
upright position. He also proved that the saturation due to the torque limit would not 
affect his approach.   
Saber [3] introduced a linearization method for global stabilization that 
aggressively brings the pendulum from the bottom position to the upright position. 
However, it was proved that this method required too much torque and had no practical 
use.  
Srinivas [4] introduced 2 methods of swing up: (1) sinusoidal swing up strategy: 
A damping term is injected into saber’s method to reduce the torque requirement by 
sinusoidal movement. (2) A switching IDA-PBC (Interconnection and damping 
assignment with passivity based control) method was introduced to swing up and 
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balancing. And both methods have been compared to the energy method and proved to 
be more efficient as they use less numbers of swings to reach upright position. 
Bapiraju [5]introduced a fuzzy logic controller for stabilization and had a 
successful experiment result. 
Aguilar [6] created an algorithm to design a periodic motion of the RWP around 
the upright position. He transformed the system into the normal form for exact 
linearization and used Describing Function method to find an explicit expression of a 
two-relay controller that excites the periodic motion. He also proved that it was stable 
moving along the trajectory using frequency domain analysis.  
In this thesis, we propose an innovative method for controlling the RWP based 
on a phase plane analysis. Our contributions are: 
(1) Phase plane analysis: By integrating the 2nd order RWP state space model, 
we can find the explicit math expression of the RWP trajectories in the phase plane 
when constant torque applied. These trajectories are then used to design a controller. 
(2) Catching zone design: A catching zone is designed to assure a robust switch 
from the swing-up phase to the stabilization phase. Within the boundaries of the 
catching zone, it is guaranteed that the pendulum moves toward the upright position. 
(3) Sliding mode control: We are able to use the sliding mode strategy to control 
the pendulum from any position to the upright position along a designed trajectory. This 
strategy comprises of three steps: 
 Swing up  
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A switching torque (bang-bang) method is used to oscillate the pendulum 
with increasing amplitude, and the pendulum approaches the upright 
position. The phase plane trajectory can be explicitly solved. 
The advantage of this new method is that the trajectory can be solved so 
that the motion of swing-up becomes controllable while the previous energy 
method can only guarantee that the pendulum reaches the upright position 
but the process is uncontrollable. Also it is unknown how PD gain 
parameters (𝑘𝑒, 𝑘𝑣, 𝑘𝑢) affect the performance of the swing-up in the 
traditional energy method [1]. 
 Catching 
Phase plane analysis is used to analyze the behavior of the pendulum. 
The trajectory 𝑠0 describing how the pendulum oscillates from one upright 
position to another is found. When the pendulum reaches (crosses) trajectory 
𝑠0, we can use a sliding mode controller to force the pendulum to approach 
the upright position along trajectory 𝑠0. The boundaries of the region within 
which the pendulum is able to be controlled along trajectory 𝑠0 are 
explicitly solved. 
The sliding mode controller in the catching zone improves the robustness 
between the swing-up phase and the following stabilization phase compared 
to the previous switching control that defines a linearized switching 
condition that is very hard to catch the pendulum in experiment [1]. 
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 Stabilization 
A 2nd order sliding mode controller has been designed to achieve 
balancing robustness without the extra work involved with observer or 
adaptive methods. The discontinuous term in the sliding mode control is 
proved to be able to compensate the disturbances and motor dynamics. 
The sliding mode controller requires less tune-up effort while it is hard to 
find a good combination of several gain parameters (𝑘ⅆ𝑝, 𝑘𝑝𝑝, 𝑘ⅆ𝑟) in 
previous linearization PD controller. The sliding mode stabilization 
controller also has the potential to balance the pendulum around the upright 
position in a larger angle range, which may be desired in other robotic 
applications.  
At last, we compare the simulation and experimental result using the RWP in the 
Advanced Mechatronics Lab in The University of Texas. Discussions of the advantage 
of our method over previous methods are also included. 
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Chapter 2：Modelling 
2.1 CONVENTIONAL REACTION WHEEL PENDULUM MODEL 
The Reaction Wheel Pendulum is a nonlinear underactuated system with 2 
degrees of freedom. Compared to a conventional pendulum, the difference is the 
actuator placed at the end of the link. The schematic diagram is shown in Figure 3. Both 
pendulum coordination and wheel coordination are defined clockwise from vertical 
axis. The parameters are listed in Table 1.The friction on the pendulum shaft is included 
as 𝐹. The differential equations of the motion was addressed in [1] as following: 
 
?̈? =
ⅆ22
det 𝐷
?̅?𝑔 sin(𝜃) −
ⅆ12
det 𝐷
𝜏 − 𝐹 
(1) 
where  
ⅆ11 = 𝑚1𝑙1
2 + 𝑚2𝑙2
2 + 𝐼1 + 𝐼2, 
ⅆ12 = ⅆ21 = ⅆ22 = 𝐼2, 
ⅆⅇ𝑡𝐷 = ⅆ11ⅆ22 − ⅆ12ⅆ21 
?̅? = 𝑚1𝑙1 + 𝑚2𝑙2 
Table 1：Parameters of RWP 
Descriptions Symbols Units 
Mass of the pendulum 𝑚1 kg 
Mass of the wheel 𝑚2 kg 
Distance from the pivot to the center of mass of the pendulum 𝑙1 m 
Distance from the pivot to the center of mass of the wheel 𝑙2 m 
Moment of inertia of the pendulum 𝐼1 kgm
2 
Moment of inertia of the wheel 𝐼2 kgm
2 
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2.2 WHEEL DYNAMICS 
 When using absolute coordinates, the wheel dynamics can be simply treated as a 
double integrator. The effects of coulomb friction and ball bearing friction are neglected 
[1]. 
 
?̈?𝑟 =
1
ⅆ12
𝜏 
(2) 
 
 
Figure 3：RWP schematic diagram. The angular position of wheel is defined as 𝜃𝑟. The 
angular position of pendulum is defined as 𝜃. Their angular velocities are 
defined as ?̇?𝑟 and ?̇?, respectively. Both 𝜃𝑟 and 𝜃 are clockwise and 
measured from a fixed vertical base. 
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2.3 MOTOR DYNAMICS 
  Motor dynamics [1] can be written as  
 𝐿
ⅆ𝐼
ⅆ𝑡
+ 𝑅𝐼 = 𝑉 − 𝑘𝑒?̇?𝑟  (3) 
Where L and R are the armature inductance and resistance, respectively. 𝑘𝑒 is the 
motor back EMF constant and V is the applied voltage.  
A 2nd order sliding mode controller is designed in the following chapters with torque 
control. And we want the actual torque output of the motor follows the desired torque 
we calculated from the controller. We select the torque 𝜏 as our variable of interest.  
Substitute 𝜏 = 𝑘𝐼, and (3) becomes                              
 
?̇? =
𝑘𝑒
𝐿
𝑉 −
𝑅
𝐿
𝜏 −
𝑘𝑒
2
𝐿
?̇?𝑟 
(4) 
Combining Equation (3) and (4), the motor dynamics is a linear system so that it can be 
described by transfer function and block diagram, which is shown in Figure 4. Assume 
the desired torque we calculated from sliding mode controller is 𝜏𝑟 and the actual 
control input of motor is the voltage 𝑉 that is achieved using PWM.  
  
Figure 4：Block diagram of motor dynamics.  It is an open loop second order system. 
𝜏𝑟 is the desired torque. 𝜏 is the actual torque output of the motor. 𝑘𝑣 is 
the ratio of voltage 𝑉 over desired torque 𝜏𝑟.          
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Combining motor dynamics and the pendulum model, the Reaction Wheel Pendulum 
system can be described as 5th order nonlinear differential equations. 𝑥1 = 𝜃1, 𝑥2 =
?̇?1, 𝑥3 = 𝜃𝑟 ,  𝑥4 = ?̇?𝑟, 𝑥5 = 𝜏 
?̇?1 = 𝑥2 
?̇?2 = 𝑎 sin(𝑥1) − b𝑥5 − 𝐹 
?̇?3 = 𝑥4 
?̇?4 = 𝑐𝑥5 
 
?̇?5 =
𝑘𝑒
𝐿
𝑉 −
𝑘𝑒
2
𝐿
𝑥4 −
𝑅
𝐿
𝑥5 
(5) 
where 
𝑎 =  
ⅆ22
det𝐷
?̅?𝑔  
b = 
ⅆ12
det𝐷
 
𝑐 =
1
ⅆ12
  
 Equation (5) can be rewritten to matrix form as  
?̇? = 𝑓(𝑥) + 𝑔(𝑥)𝑢 
𝑓(𝑥) =
[
 
 
 
 
 
 
 
 
𝑥2
𝑎 sin 𝑥1 − 𝑏𝑥5 − 𝐹
𝑥4 
𝑐𝑥5
−
𝑘𝑒
2
𝐿
𝑥4 −
𝑅
𝐿
𝑥5 ]
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𝑔(𝑥) =
[
 
 
 
 
 
 
 
 
 
0
0
0
0
𝑘𝑒
𝐿 ]
 
 
 
 
 
 
 
 
 
 
 𝑢 = 𝑉 (6) 
When ignored motor dynamics, Equation (5) can be reduced to a second order system  
?̇?1 = 𝑥2 
 ?̇?2 = 𝑎 sin(𝑥1) − b𝜏 − 𝐹 (7) 
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Chapter 3：Swing-up 
The first step is to initiate the pendulum oscillation with increasing amplitude. 
Since the motor torque is very limited, it cannot bring the pendulum to the upright 
position from bottom position in one swing. That is to say, an oscillatory motion is 
required. Previous study by Spong [2] focused on an energy method and passivity 
control. 
One major challenge in swing up control is that the RWP is a nonlinear system 
in large amplitude oscillation when the small angle approximation is no longer 
applicable. The 2nd order differential Equations (7) do not have a generalized explicit 
solution for the angular position of pendulum with finite terms, which makes it 
impossible to tracking any explicit swing up trajectory. 
In this section, a switching control law is used to swing up the pendulum. The 
simplest control is a switching law of the form: 
 𝜏 = −𝜏0 sgn(𝑥2) (8) 
This control law has two modes with constant torque. 
With a constant torque the system can be integrated into a 1st order differential 
equation, which provides opportunity of phase plane analysis. The detailed calculation 
is listed in the Appendix A. The swing-up motion can be described as  
 𝜙(𝑥1, 𝑥2) =
1
2
𝑥2
2 + 𝑎 cos(𝑥1) − b𝜏0 sgn(𝑥2)𝑥1 + 𝑐1 = 0  (9) 
where 𝑐1 is the arbitrary constant in integration based on initial conditions. If 
𝑥1(𝑡 = 0) = 𝜃0, 𝑥2(𝑡 = 0) = 𝜔0,  
 12 
𝑐1 = −
1
2
𝜔0
2 − 𝑎 cos 𝜃0 + 𝑏𝜏0𝜃0 sgn(𝜔0) 
The system is able to accumulate energy and move close to the upright position by 
switching the direction of torque when the angular velocity reduced to zero, as 
described in Equation (8). An example of phase plane is shown in Figure 5 
 
Figure 5：Swing up strategy diagram in phase plane. Six different initial conditions are 
evenly divided to from (
𝜋
2
, 0) to (
3
2
𝜋, 0). Three of them reach the 
upright position 𝑥1 = 0 and the others reach 𝑥1 = 2𝜋 
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Chapter 4：Catching 
In the previous section, the pendulum is able to conduct an oscillatory motion 
and move closer to the upright position from bottom position. When it reaches certain 
angular position and velocity, it is able to move to upright position in current swing. In 
this section, we discuss the region in which the control strategy can catch the pendulum 
from the swing up mode and drive it toward the upright position along a unactuated free 
swing trajectory. The phase plane analysis is used. 
4.1 MAXIMUM STABILIZATION ANGLE 
Given the usual limitation of the motor torque, the RWP can only be stabilized 
in the upright position locally. Now our target is to find the angle where the maximum 
torque is equal to the gravity term of the pendulum. That is to say that the torque is able 
to overcome the gravity effect inside this angle range, otherwise the pendulum yields to 
the gravity and falls down. 
The difference between upright and bottom position is that the gravity pulls the 
pendulum away from the unstable equilibrium points (±2𝑛𝜋, 0) while the gravity pulls 
it toward the stable equilibrium points (±(2𝑛 + 1)𝜋, 0) at the bottom position. Assume 
the maximum static offset of pendulum angle is 𝜃𝑚𝑎𝑥 , i.e. angular velocity and 
angular acceleration are both zero, and maximum torque applied is 𝜏max. From Equation 
(7)  
 ?̈? = 𝑎 sin(𝜃𝑚𝑎𝑥 )  −  𝑏𝜏max (10) 
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When ?̈? = 0, the maximum angle offset can be calculated as 
 𝜃𝑚𝑎𝑥 = arcsin (
𝜏𝑚𝑎𝑥
?̅?𝑔
)  (11) 
4.2 CATCHING ZONE 
In order to consider both the position and velocity we describe the catching zone 
in phase plane. One important trajectory is the one that pendulum oscillates from one 
upright position to another upright position with friction neglected and no torque 
applied, which is plotted in the Figure 6. The trajectory can be described by  
 𝑠0 = −
1
2
?̇?2 + 𝑎(1 − cos 𝜃)=0  (12) 
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Figure 6：The green line describes the trajectory that the pendulum swings from one 
upright position to another if the friction is neglected. The phase portrait 
shows the pendulum behavior with no torque applied and friction 
neglected from arbitrary initial conditions. The working range in our thesis 
is between (0, 0) and (2𝜋, 0) 
The trajectory above the 𝑥2 = 0 axis describes the pendulum moving toward (2𝜋, 0) 
with positive velocity and the one below describes the pendulum moving toward (0, 0) 
with negative velocity. The working range of our pendulum is between 0 and 2𝜋. From 
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the phase portrait we noticed that (0, 0) and (2𝜋, 0) are unstable equilibrium points and 
(𝜋, 0) is stable equilibrium points. 
To find the boundary of catching, we assume the pendulum is moving toward (0, 
0) and the trajectory of the pendulum moving toward (2𝜋, 0) can be ignored. In this 
way, 𝜔0 < 0. It has 2 circumstances: (1) The velocity |𝜔0| is less than that along 
trajectory 𝑠0 at the same angular position, which is shown as it is above the trajectory 
𝑠0 in the Figure 7. The boundary of this case is that the trajectory ends at (𝜃𝑚𝑎𝑥, 0) 
when 𝜏𝑚𝑎𝑥 applied, which is shown as the blue line labeled as 𝑠1 which can be 
described as  
 𝑠1 = −
1
2
𝜔0
2 + 𝑎(cos 𝜃𝑚𝑎𝑥 − cos 𝜃) + 𝑏𝜏𝑚𝑎𝑥(𝜃𝑚𝑎𝑥 − 𝜃)  (13) 
 (2) The velocity |𝜔0| is greater than that along the trajectory 𝑠0 at the same angular 
position, which is shown as it is below the free swing trajectory in the Figure 7. The 
boundary of this case is that the trajectory ends at (−𝜃𝑚𝑎𝑥 , 0) when −𝜏𝑚𝑎𝑥 applied, 
which is shown as the red line labeled as 𝑠2 which can be described as 
 𝑠2 = −
1
2
𝜔0
2 + 𝑎(cos 𝜃𝑚𝑎𝑥 − cos 𝜃) − 𝑏𝜏𝑚𝑎𝑥(−𝜃𝑚𝑎𝑥 − 𝜃)  (14) 
Now we can obtain a region between 𝑠1 and 𝑠2. And the conditions that the pendulum 
are able to be stabilized around the original point (0, 0) can be described as 
 𝑠𝑥→0 = {𝑠1 ≤ 0 ∩ 𝑠2 ≥ 0 ∩ 𝑥2 ≤ 0} (15) 
The region representing Equation (15) is shown in the Figure 7. 
Similarly, we can find the region regarding to stabilizing at (0, 2𝜋). At this time 
the maximum angle offsets where the maximum torque is equal to gravity term are 
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2𝜋 − 𝜃𝑚𝑎𝑥 and 2𝜋 + 𝜃𝑚𝑎𝑥. The boundary that ends at (2𝜋 + 𝜃𝑚𝑎𝑥, 0) with positive 
maximum torque 𝜏𝑚𝑎𝑥 can be described as  
 
𝑠3 = −
1
2
𝜔0
2 + 𝑎(cos 𝜃𝑚𝑎𝑥 − cos 𝜃) + 𝑏𝜏𝑚𝑎𝑥(2𝜋 + 𝜃𝑚𝑎𝑥 − 𝜃) 
(16) 
The boundary that ends at (2𝜋 − 𝜃𝑚𝑎𝑥, 0) with negative maximum torque −𝜏𝑚𝑎𝑥 can 
be described as  
 
𝑠4 = −
1
2
𝜔0
2 + 𝑎(cos 𝜃𝑚𝑎𝑥 − cos 𝜃) − 𝑏𝜏𝑚𝑎𝑥(2𝜋 − 𝜃𝑚𝑎𝑥 − 𝜃) 
(17) 
And the region that the pendulum is able to be stabilized around (2𝜋, 0) can be 
described as 
 𝑠𝑥→2𝜋 = {𝑠3 ≥ 0 ∩ 𝑠4 ≤ 0 ∩ 𝑥2 ≥ 0} (18) 
The region representing Equation (18) is shown in the Figure 8. 
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Figure 7：The figure displays the catching region of stabilization around original point 
(0, 0). The blue line represents the boundary 𝑠1 in Equation (13). The red 
line represents the boundary 𝑠2 in Equation (14). The green line 
represents trajectory 𝑠0 in Equation (12). The region between blue line 
and red line is the one designed in Equation (15) 
If we include the friction the boundary trajectories will not have an explicit 
solution but we are able to find the numerical solutions by integrating the Equation (7) 
backward in time. The results are shown in Figure 8 and Figure 9.  
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Figure 8：The figure displays the catching region of stabilizing at original point (2𝜋, 0) 
without friction. The blue line represents the boundary 𝑠3 in Equation 
(16). The red line represents the boundary 𝑠4 in Equation (17). The green 
line represents the trajectory 𝑠0 in Equation (12). The region between 
blue line and red line is the one designed in Equation (18) 
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Figure 9：The figure displays the catching region of stabilizing at original point (0,0) 
with friction. The blue line represents the boundary 𝑠1 including friction. 
The red line represents the boundary 𝑠2 including friction. The green line 
represents the trajectory 𝑠0 in Equation (12). The region between blue 
line and red line is the one designed in Equation (18) 
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Figure 10：The figure displays the catching region of stabilizing at original 
point (2𝜋, 0) with friction. The blue line represents the boundary 𝑠3 in 
Equation (16). The red line represents the trajectory 𝑠4 in Equation (17). 
The green line represents the trajectory 𝑠0 in Equation (12). The region 
between blue line and red line is the one designed in Equation (18) 
4.3 SLIDING MODE CONTROL 
After the pendulum gets into the catching zone, it is able to move toward the 
upright position and stabilize there. It takes least torque to bring the pendulum to 
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upright position along trajectory 𝑠0. When the pendulum reaches the trajectory 𝑠0, we 
switch to a sliding mode control. From Equation (12),  
 ?̇?0 = 0 ⇒ ?̂? = 0 (19) 
The sliding mode controller is defined as 
 𝜏 = ?̂? − 𝜂 sgn(𝑠0) (20) 
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Chapter 5：Stabilization 
When the pendulum reaches the upright position along the free swing trajectory, 
it becomes a stabilization problem. To maintain the pendulum at the upright position, a 
reference signal of pendulum angle 𝑥1 is defined as 𝑟(𝑡). And  
𝑟(ⅈ)(𝑡) = 0 or 2𝜋 
where derivatives ⅈ = 0,1,2,… 
The sliding surface is  
 
𝑠 = (
ⅆ
ⅆ𝑡
+ 𝜆)
2
(∫ ?̃? ⅆ𝑟
𝑡
0
) 
(21) 
Where ?̃? = 𝑥1 − 𝑟 
Add a discontinuous term to our equivalent control. 
?̇? = −𝜂𝑠𝑔𝑛(𝑠) 
?̈̃?1 + 2𝜆?̇̃?1 + 𝜆
2?̃?1 = −𝜂𝑠𝑔𝑛(𝑠) 
?̈?1 − ?̈? + 2𝜆(?̇?1 − ?̇?) + 𝜆
2(𝑥1 − 𝑟) − 𝜂 sgn(𝑠) 
Substituting ?̈?1 by Equation (7), 
 𝜏 =
1
𝑏
[𝑎 sin 𝑥1 − 𝐹 − ?̈? + 2𝜆(𝑥2 − ?̇?) + 𝜆
2(𝑥1 − 𝑟)] − 𝜂 sgn(𝑠)  (22) 
Remark: Detailed sliding mode controller design can be found in [7] 
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Chapter 6：Simulation and Experiments 
6.1 EXPERIMENT ENVIRONMENT 
6.1.1 Hardware 
The experiment hardware is performed at the Advanced Mechatronics Lab in 
The Department of Mechanical Engineering of The University of Texas at Austin.  
The RWP hardware is shown in Figure 11, which is built by Quanser Consulting Inc. 
The kit includes a motor with maximum torque 𝜏max = 0.05 [Nm]. Other motor 
parameters are shown in the Table 2. It also includes two 1000 CPR encoders, one 
installed on motor shaft and the other installed on the pendulum shaft.  
Table 2：Parameters of Pittman motor 8222 
Parameter Value Unit 
Terminal Resistance  12.1  Ohms 
Inductance  6.27  mH 
Peak Torque 0.051  Nm 
Torque Constant  0.027  Nm/A 
Coulomb Friction Torque 0.0025  Nm 
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Figure 11：The RWP used in Advanced Mechatronics lab in The University of Texas 
at Austin 
To achieve maximum resolution, we choose to use X4 encoding. The process is 
shown in Figure 12. In this method both rising and falling edge of Channel A and 
Channel B are considered to be trigger. And the direction is decided by which channel 
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leads the other.
 
Figure 12: X4 Encoding 
The resolution of the encoder using X4 encoding is  
𝑟ⅇ𝑠 =
2𝜋
4𝐶𝑃𝑅
= 0.00157 [rad] 
6.1.2 Software 
We choose to a CompactRIO from National Instruments as our control unit 
along with NI 9505 module for motor driving and NI 9411 module for encoder 
sampling. The basic architecture is shown in Figure 13. There are 2 ways to program 
the CompactRIO module. 
 Scan interface mode  
This mode provides maximum flexibility for developers. It skips the FPGA module 
and directly access to I/O, which saves a lot of time from compiling the FPGA diagram. 
However, the scan rate cannot go higher than 1[kHz]. 
 FPGA interface mode  
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This mode provides maximum performance and reliability. It has no limitation on 
loop rate under the hardware clock (40[MHz]). However, it requires long time to 
compile the FPGA diagram. And the disk space in FPGA is limited. 
 
Figure 13：Basic architecture of CompactRIO 
In this project, we selected the FPGA interface mode for programming because 
the discontinuous term in the sliding mode controller needs to be fast enough to 
compensate the errors. Due to the limitation of the space in FPGA, we only program the 
switching term of sliding mode inside the FPGA which is the most time-critical and rest 
of code is placed in the RT controller. 
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6.2 PARAMETERS ESTIMATION 
In order to eliminate measurement errors in motor inertia and pendulum link 
length, three experiments are conducted to verify the RWP parameters a and b as well 
as the friction on the pendulum shaft F. From previous studies, a linear approximation 
of the friction is accurate enough [1]. The friction is modeled as linear 𝐹 = 𝜇𝑥2 where 
𝜇 is the friction coefficient. 
1) Estimation of a 
A small angle unactuated swing is experimented as no torque applied around the 
bottom position 𝑥1 = 𝜋. The results are shown in the Figure 14. With friction 
modeled as linear, Equation (7) is rewritten as 
 ?̇?1 = 𝑥2 
 ?̇?2 = 𝑎 sin(𝑥1) − 𝜇𝑥2  (23) 
Within a small amplitude around 𝑥1 = 𝜋, sin(𝑥1) ≈ 𝜋 − 𝑥1 
?̇?1 = 𝑥2 
 ?̇?2 = 𝑎(𝜋 − 𝑥1) − 𝜇𝑥2 (24) 
The response of this 2nd order differential equation can be solved as  
 𝑥1 = 𝑐1ⅇ
−
𝜇
2𝑡 cos(𝑘𝑡) + 𝑐2ⅇ
−
𝜇
2𝑡 sin(𝑘𝑡) + 𝜋 (25) 
  𝑥2 = ⅇ
−
𝜇
2𝑡 [(𝑘𝑐2 −
𝜇
2
𝑐1) cos(𝑘𝑡) − (𝑘𝑐1 +
𝜇
2
𝑐2) sin(𝑘𝑡)] 
(26) 
Where 𝑘 =
√4𝑎−𝜇2
2
≈ √𝑎 as 𝑎 ≫ 𝜇. 𝑐1 and 𝑐2 are arbitrary constants based on 
initial conditions. 
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In this experiment, initial conditions are defined as 𝑥1(0) = 𝑥0, 𝑥2(0) = 0. And 
𝑐1 = 𝑥0 − 𝜋 
𝑐2 =
𝜇
𝑘
(𝑥0 − 𝜋) 
And Equation (24) can be rewritten to be 
 𝑥1 = (𝑥0 − 𝜋)ⅇ
−
𝜇
2𝑡 cos(√𝑎𝑡) +
𝜇
2√𝑎
(𝑥0 − 𝜋)ⅇ
−
𝜇
2𝑡 sin(√𝑎𝑡) + 𝜋 
(27) 
 
𝑥2 = −ⅇ
−
𝜇
2𝑡
𝜇2 + 𝑎
4√𝑎
(𝑥0 − 𝜋) sin(√𝑎𝑡) 
(28) 
The parameter a can be estimated by measuring the period of the oscillation using the 
data shown in the Figure 14.  
𝑎 = 𝜔2 = (
2𝜋
𝑇
)
2
= 81.0637 [1/s2] 
2) Estimation of friction coefficient 
To find the friction coefficient we can measure the decrease of pendulum 
amplitude by examining the points where the pendulum reaches the local 
maximum on one side. It is shown as an envelope in the Figure 14. 
Mathematically, it can be explained from Equation (28) 
√𝑎𝑡 = 0,2𝜋, 4𝜋 
 
𝑡ⅈ =
2𝜋
√𝑎
ⅈ 
(29) 
Where ⅈ = 0,1,2… 
Substituting Equation (25) by Equation (27), all points in the envelope can be described 
as 
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𝑥ⅈ = (𝑥0 − 𝜋)ⅇ
−
𝜇
2𝑡𝑖 + 𝜋 
To find the friction coefficient 𝜇 
𝑥ⅈ+1 = (𝑥0 − 𝜋)ⅇ
−
𝜇
2𝑡𝑖+1 + 𝜋 
𝑥ⅈ+1 − 𝜋
𝑥ⅈ − 𝜋
=
ⅇ−
𝜇
2𝑡𝑖+1
ⅇ−
𝜇
2𝑡𝑖
= ⅇ−
𝜇
2
(𝑡𝑖+1−𝑡𝑖) = ⅇ−
𝜇
2∆𝑡 
𝜇 =
2
𝛥𝑡
ln (
𝑥ⅈ − 𝜋
𝑥ⅈ+1 − 𝜋
) 
Take ten points and find the average 
?̅?= 
2
9𝛥𝑡
ln (
𝑥1−𝜋
𝑥10−𝜋
) = 0.1153 [1/s] 
 
Figure 14：Pendulum angular position response with no torque applied starting from 
𝑥1 = 3.064,  𝑥2 = 0. We can calculate the parameter a by measuring 
period T and friction coefficient 𝜇 by finding differences between local 
maximum in one side.  
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3) Estimation of b 
 A small toque is applied when the pendulum is resting in the bottom position. 
Equation (7) can be reduced to  
?̇?1 = 𝑥2 
?̇?2 = 𝑎(𝜋 − 𝑥1) − b𝜏0 − 𝜇𝑥2 
whose trajectory can be derived as 
 
𝑥1(𝑡) = 𝑐1ⅇ
−
𝜇
2𝑡 cos(𝑘𝑡) + 𝑐2ⅇ
−
𝜇
2𝑡 sin(𝑘𝑡) + 𝜋 −
𝑏
𝑎
𝜏0 
(30) 
 𝑥2(𝑡) = ⅇ
−
𝜇
2𝑡 [(𝑘𝑐2 −
𝜇
2
𝑐1) cos(𝑘𝑡) − (𝑘𝑐1 +
𝜇
2
𝑐2) sin(𝑘𝑡)] 
(31) 
where 𝑘 =
√4𝑎−𝜇2
2
≈ √𝑎. 𝑐1, 𝑐2 are arbitrary constants defined by the initial condition. 
In this experiment, initial conditions 𝑥1(0) = 𝜋, 𝑥2(0) = 0 
𝑐1 =
𝑏
𝑎
𝜏0 
𝑐2 =
𝜇𝑏
2𝑎√𝑎
𝜏0 
And substitute 𝑐1, 𝑐2 into Equation (28) and (29). They become 
 
𝑥1(𝑡) =
𝑏
𝑎
𝜏0ⅇ
−
𝜇
2𝑡 cos(√𝑎𝑡) +
𝜇𝑏
2𝑎√𝑎
𝜏0ⅇ
−
𝜇
2𝑡 sin(√𝑎𝑡) + 𝜋 −
𝑏
𝑎
𝜏0 
(32) 
 
𝑥2(𝑡) = −(
𝑏√𝑎
𝑎
+
𝑏𝑢2
4𝑎√𝑎
) ⅇ−
𝜇
2𝑡 sin(√𝑎𝑡) 
(33) 
Compare the experiment data with simulation data in Figure 15 by examining the first 
local maximum, i.e. the angular position when the velocity reduces to zero at the first 
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time. We only select the first local minimum because the following local maximum 
values are compromised by the motor dynamics. Assume the time elapsed is 𝑡1 
𝑥2(𝑡1) = −(
𝑏√𝑎
𝑎
+
𝑏𝑢2
4𝑎√𝑎
) ⅇ−
𝜇
2𝑡1𝜏0 sin√𝑎𝑡1 = 0 
𝑡1 =
𝜋
√𝑎
 
And the angular position at 𝑡1 can be calculated as 
𝑥1(𝑡1) =
𝑏
𝑎
𝜏0ⅇ
−
𝜇
2𝑡1 cos(√𝑎𝑡1) +
𝜇𝑏
2𝑎√𝑎
𝜏0ⅇ
−
𝜇
2𝑡1 sin(√𝑎𝑡1) + 𝜋 −
𝑏
𝑎
𝜏0 
 
𝑥1(𝑡1) = −
𝑏
𝑎
𝜏0ⅇ
−
𝜇
2
𝜋
√𝑎 + 𝜋 −
𝑏
𝑎
𝜏0 
(34) 
We selected 5 different 𝜏0= {0.02, 0.025, 0.03, 0.035, 0.04} and their first local 
maximum 𝑥1(𝑡1)= {3.22013, 3.24212, 3.26254, 3.28611, 3.30967}. The average of b is 
?̅? = 166.3013 [rad/ (Nm∙s2)] 
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Figure 15：An example of pendulum response from the bottom position. The first local 
maximum in positive side is 3.24212. The torque applied is 0.025 [Nm] 
6.3 CONTROLLABILITY 
The controllability of the system can be found from Equation (6). The controllability 
matrix is constructed as 
𝐶 = [𝐠, ad𝐟𝐠, ad𝐟
2𝐠, ad𝐟
3𝐠, ad𝐟
4𝐠] 
where ad𝐟
i𝐠 is the lie bracket of f and g. i is the recursive index. The detailed 
explanation is included in Appendix B. 
Using the parameters we estimated from last chapter and Table 2, 
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𝑟𝑎𝑛𝑘(𝐶) = 5 
which means the system is controllable everywhere. 
6.4 RESULTS 
6.4.1 Swing up 
Swing up is achieved by a switching controller described in Equation (8). 
Simulation results and experiment results are shown in Figure 12.  
𝜏0 = 0.4𝜏𝑚𝑎𝑥 ≈ 0.02 [Nm] 
The pendulum will reach the upright position in approximately 6 seconds with angular 
velocity about 5 rad/s without implementing catching algorithm. 
 
 
 
 
Figure 16: Simulation results, excited by torque 0.02 [Nm] from (𝜋, 0). (a) 
Simulation result of pendulum angular position. (b) Simulation result of pendulum 
response in phase plane 
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(a) 
 
(b) 
Figure 17：Experiment results, excited by torque 0.02 [Nm] from (𝜋, 0). (a) 
Experiment result of pendulum angular position (b) Experiment result of 
pendulum response in phase plane 
Remark: The difference between experiment and simulation is caused by 
disturbance from wire, accuracy of initial conditions, limited encoder resolution, time 
delay of the controller, unmodeled dynamics, etc. 
6.4.2 Catching 
The catching zones are shown in Figure 7 and Figure 8. The catching simulation 
result with various initial conditions are shown in Figure 17. The pendulum swings up 
from different initial conditions and reaches the trajectory 𝑠0 described in Equation 
(12) in different locations. They are able to maintain within the boundaries and move to 
(0,0) or (2𝜋, 0) along 𝑠0. 
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a) Initial condition (𝜋, 0) 
 
b) Initial Condition (
𝜋
2
, 0) 
 
c) Initial Condition (
3𝜋
2
, 0) 
 
d) Initial Condition (𝜋, 10) 
 
e) Initial Condition (𝜋,−10) 
 
f) Initial Condition (𝜋,−15) 
 
Figure 18：Catching simulation result from different initial conditions. The green line 
describes the trajectory 𝑠0 in Equation (12). The blue line shows the 
pendulum is caught into the trajectory 𝑠0 from different swing-up initial 
conditions. All swing-ups are excited by 𝜏0 = 0.02 [Nm]. 
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6.4.3 Stabilization 
Stabilization controller is activated to stabilize the pendulum around point (0, 0) 
or (2𝜋, 0). The simulation result is shown in the Figure 18 
 
Figure 19：Stabilization simulation result: The pendulum stabilizes around (0, 0) from 
initial conditions (0.02, 0). From top to bottom: (1) The response of 
angular positon 𝑥1 response. (2) The response of wheel velocity 𝑥4. The 
simulation result shows that both angular position and wheel velocity can 
be kept at zero when no disturbances or noises applied. 
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We find that the system will lose the stabilization after a while due to high 
wheel velocity in the experiment. To maintain a constant torque (𝜏 ≠ 0), the motor will 
need to accelerate and it will saturate ultimately. It is required to reduce the motor speed 
and try to keep it near zero. To deal with this trade off relationship between pendulum 
stabilization and wheel velocity, Block [1] added the wheel velocity error into his 
feedback control. 
𝑢 = −𝑘𝑝𝑝𝜃 − 𝑘ⅆ𝑝?̇? + 𝑘ⅆ𝑟(𝜔𝑟𝑒𝑓 − 𝜔) 
By tuning 3 parameters (𝑘𝑝𝑝, 𝑘ⅆ𝑝, 𝑘ⅆ𝑟), he was able to find a good combination to solve 
this trade off problem and achieve both stabilization and zero wheel velocity. 
In our experiment, a simple modification to the reference signal will make the 
system stabilization successful. Let 𝑟(𝑡) = 0.01sgn(𝑥4), the pendulum will have a 
tendency to oscillate around the upright position, effectively achieving a limit cycle. It 
makes the torque change direction all the time and helps to achieve boundness of wheel 
velocity. The experiment result of pendulum angle 𝑥1 is shown in Figure 19. The 
experiment result of wheel velocity 𝑥4 is shown in Figure 20. It is noticed that the 
response is noisy so that we applied a low pass filter. The filtered result is shown in 
Figure 21. 
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Figure 20：Stabilization experiment result of pendulum angular position 𝑥1. It can be 
seen that the pendulum is able to achieve stabilization around upright 
position and limit cycle bang-bang (nonlinear) control. Chattering is due to 
encoder resolution limit. 
6.4.4 Combined Strategy 
By combining the 3 strategies, we can bring the pendulum from the bottom 
position to the upright positon. Simulations and experiment results from two initial 
condition have been compared. (1) 𝑥1 = 𝜋, 𝑥2 = 0 The simulation results are shown in 
Figure 22 and Figure 23. The experiment results are shown in Figure 24-26. (2) 𝑥1 =
 40 
2.586, 𝑥2 = 0 The simulation results are shown in Figure 27 and Figure 28. The 
experiment results are shown in Figure 29-31. In both initial conditions, the pendulum 
swings up by a switching control law described in Equation (8) with 𝜏0 = 0.15[Nm]. 
And then it is caught into the trajectory 𝑠0 and move toward (0,0). At last, it is able to 
be stabilized there. 
 
Figure 21：Stabilization experiment result of wheel velocity. It is shown that the wheel 
velocity it bounded but the signal is very noisy. 
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Figure 22：Stabilization experiment result of wheel velocity after applying a low pass 
filter. The filter is a 4th order low pass Butterworth filter with cutoff 
frequency 2 [Hz]. We can see that the wheel velocity 𝑥4 is bounded. 
 42 
  
Figure 23：Combined strategy 
simulation result of 
pendulum angle 𝑥1from 
initial condition 𝑥1 =
𝜋, 𝑥2 = 0 
Figure 24：Combined strategy 
simulation result of 
pendulum angle 𝑥1 and 
pendulum angular velocity 
𝑥2 in phase plane from 
initial condition 𝑥1 =
𝜋, 𝑥2 = 0 
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Figure 25：The experiment result of angular position 𝑥1 in combined strategy from 
initial condition 𝑥1 = 𝜋, 𝑥2 = 0 
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Figure 26：The experiment result of pendulum angle and angular velocity in phase 
plane initial condition 𝑥1 = 𝜋, 𝑥2 = 0  
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Figure 27：Zoomed-in view of stabilization around (0, 0) in the combined strategy 
initial condition 𝑥1 = 𝜋, 𝑥2 = 0. The green dotted line represents the 
trajectory 𝑠0 in Equation (12) 
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Figure 28：Combined strategy 
simulation result of 
pendulum angle 𝑥1from 
initial condition 𝑥1 =
2.586, 𝑥2 = 0 
 
 
 
Figure 29：Combined strategy 
simulation result of 
pendulum angle 𝑥1 and 
pendulum angular velocity 
𝑥2 in phase plane from 
initial condition 𝑥1 =
2.586, 𝑥2 = 0 
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Figure 30：The experiment result of pendulum angle 𝑥1 in combined strategy from 
initial condition 𝑥1 = 2.586, 𝑥2 = 0 
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Figure 31：The experiment result of pendulum angle and angular velocity in phase 
plane initial condition 𝑥1 = 2.586, 𝑥2 = 0 
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Figure 32：Zoomed-in view of stabilization around (0, 0) in the combined strategy 
initial condition 𝑥1 = 2.586, 𝑥2 = 0. The green dotted line represents the 
trajectory 𝑠0 in Equation (12) 
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Chapter 7：Conclusion and Future Work 
7.1 DISCUSSIONS 
This section briefly compares our result with the previous methods. In the swing-
up phase, our method can approach the upright position in approximately 4.5 seconds; 
similar to the result in [1]. However, the previous method requires lots of time to find a 
good combination of (𝑘𝑒, 𝑘𝑣, 𝑘𝑢) to achieve satisfactory result [1].  Their method needs 
to be adjusted based on different experimental environments.  There is no explicit 
solution of the RWP behavior under the energy/passivity-driven controllers. In contrast, 
our method does not require to tune many parameters and can be controlled along an 
explicit trajectory. 
In the stabilization phase, the two methods indeed show similar results. However, 
if we install another motor with more torque we can broaden the stabilization angle range 
based on Equation (11) using our sliding mode controller but the previous method is not 
able to achieve this due to the limitations of linearization.  Assume we choose a stronger 
motor Pittman 8843, the parameters of which are shown in Table 3. The comparison 
starting from an offset of 0.3 [rad] is shown in Figure 32-33, which illustrates that our 
method has more practical use for the future RWP-based applications. 
Overall, the phase plane study in this thesis provides more predicable control 
process for the RWP and can be transferred to other robotics or nonlinear dynamic 
applications. 
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Table 3：Parameters of Pittman motor 8843 
Parameter Value Unit 
Terminal Resistance  2.74  Ohms 
Inductance  2.57  mH 
Peak Torque 0.3198  Nm 
Torque Constant  0.037  Nm/A 
Input Voltage 24 V 
 
 
Figure 33：Simulation result of the traditional linearization method starting from 0.3 
[rad] with a Pittman 8843 installed. It can be seen that the pendulum 
loses the stabilization shortly after start. 
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Figure 34：Simulation result of our sliding mode controller starting from 0.3 [rad] 
with a Pittman 8843 installed. It can be seen that the pendulum can 
maintain stabilization. 
7.2 CONCLUSION 
The Reaction Wheel Pendulum is a perfect tool to study the practice of 
nonlinear control theory. In this thesis, the dynamics of the RWP has been explained. 
Both the reduced 2nd order model and the 5th order model have been illustrated. We use 
the phase plane analysis to study the behavior of the RWP. The unactuated and actuated 
trajectories both have been explicitly explained. Three different strategies are combined 
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to control the pendulum in the upright positon from the bottom. The swing up strategy 
oscillates the pendulum by switching the direction of torque, which takes less time than 
other method such as energy method. A catching method is used to catch the pendulum 
when it reaches the trajectory that the unactuated pendulum swings from one upright 
position to another. A 2nd order sliding mode controller is used to maintain the 
pendulum moving along the trajectory. When it reaches the upright position, a 2nd order 
integral sliding mode controller is used to stabilize the pendulum or oscillate it in a limit 
cycle. We have conducted several experiments to find the parameters of the RWP, 
which is more accurate than using those calculated from the product specification due 
the installation error. This combined strategy has shown a good experiment result with 
less programming effort such as adaptive control or high gain observer.  
7.3 FUTURE WORK 
In this thesis, a 2nd order controller has been designed. We use an integral 
control in transition and sliding mode in stabilization to compensate the motor 
dynamics. There are different stabilization strategies that may be considered: 
 2nd order controller with PID control and high gain observers 
The idea is to design a PID controller to compensate motor dynamics. Given that 
only angular position of motor and pendulum can be measured, it requires a high gain 
observer, which is introduced in [8]. One challenge in this method is to find an ideal 
PID controller parameters because the input torque is unpredictable.  
 4th order controller with high gain observers 
 54 
Extend the sliding mode controller to 4th order based on equation (6) to directly 
compensate motor dynamics. But it requires much more programming effort and it is 
hard to find an ideal combination of observer gains. 
Both methods require the design of high gain observers. The design of sliding mode 
controller with high gain observer was addressed in [9]. With a high gain observer, it is 
unavoidable to have a peak phenomenon which is undesired. Several approaches have 
been explored so far as in [10], [11] and [12]. 
Another interesting research is on the tracking problem. In this thesis, the 
stabilization controller is able to regulate the pendulum in the upright position but 
unable to tracking small amplitude trajectory such as a small amplitude sinusoidal 
motion. It is understood that the problem are caused by motor dynamics. The 
discontinuous term in sliding mode controller is able to compensate a regulation 
problem but it was unable to track a periodical reference signal. The future work may 
use the 2 different strategies discussed in the last chapter to solve a tracking problem. A 
periodical motion around upright position can be designed using method descried in [6] 
and a sliding mode control demonstration was introduced in [13]. 
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Appendix A 
Consider Equation (1) 
?̈? = 𝑎 sin 𝜃 − 𝑏𝜏 
Rewrite 
ⅆ2𝜃
ⅆ𝑡2
= 𝑎 sin 𝜃 − 𝑏𝜏 
Multiply 
ⅆ𝜃
ⅆ𝑡
 on both side of the equation 
ⅆ𝜃
ⅆ𝑡
ⅆ2𝜃
ⅆ𝑡2
= 𝑎
ⅆ𝜃
ⅆ𝑡
sin 𝜃 − 𝑏𝜏
ⅆ𝜃
ⅆ𝑡
 
Integrate on both side 
∫
ⅆ𝜃
ⅆ𝑡
ⅆ2𝜃
ⅆ𝑡2
ⅆ𝑡 = 𝑎 ∫
ⅆ𝜃
ⅆ𝑡
sin 𝜃ⅆ𝑡 − 𝑏𝜏∫
ⅆ𝜃
ⅆ𝑡
ⅆ𝑡 
1
2
?̇?2 = −𝑎 cos 𝜃 − 𝑏𝜏𝜃 + 𝑐1 
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Appendix B 
Lie bracket of f and g is defined as 
[𝐟, 𝐠] = ∇𝐠 𝐟 − ∇𝐟 𝐠 
where ∇𝐠 =
∂𝐠
∂𝐱
, ∇𝐟 =
∂𝐟
∂𝐱
 
[f, g] can also be written as ad𝐟 𝐠 
And Lie bracket can be recursively defined as  
ad𝐟
i  𝐠 = [𝐟, ad𝐟
i−1 𝐠] 
 
g = 
[
 
 
 
 
 
 
 
 
0
0
0
0
𝑘𝑒
𝐿 ]
 
 
 
 
 
 
 
 
, ad𝐟
1 𝐠 = 
[
 
 
 
 
 
 
 
 
0
𝑏𝑘𝑒
𝐿
0
−
𝑐𝑘𝑒
𝐿
𝑅𝑘𝑒
𝐿2 ]
 
 
 
 
 
 
 
 
, ad𝐟
2 𝐠 =
[
 
 
 
 
 
 
 
 
 −
𝑏𝑘𝑒
𝐿
𝑅𝑏𝑘𝑒
𝐿2
+
𝑏𝑘𝑒𝜇
𝐿
𝑐𝑘𝑒
𝐿
−
𝑅𝑐𝑘𝑒
𝐿2
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2 ]
 
 
 
 
 
 
 
 
 
,  
 
ad𝐟
3 𝐠 =
[
 
 
 
 
 
 
 
 
 −
𝑅𝑏𝑘𝑒
𝐿2
−
𝑏𝑘𝑒𝜇
𝐿
𝑎𝑏𝑘𝑒 cos𝑥1
𝐿
+ 𝜇 (
𝑅𝑏𝐾𝑒
𝐿2
+
𝑏𝑘𝑒𝜇
𝐿
) + 𝑏(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
)
𝑅𝑐𝑘𝑒
𝐿2
−𝑐 (
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
)
𝑅
𝐿
(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) −
𝑅𝑐𝑘𝑒
3
𝐿3 ]
 
 
 
 
 
 
 
 
 
, 
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ad𝐟
4 𝐠 = 
 
[
 
 
 
 
 
 
 
 
 
 
 
 −𝑏 (
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) − 𝜇 (
𝑅𝑏𝐾𝑒
𝐿2
+
𝑏𝑘𝑒𝜇
𝐿
) −
𝑎𝑏𝑘𝑒 cos 𝑥1
𝐿
𝑎 cos 𝑥1 (
𝑅𝑏𝑘𝑒
𝐿2
+
𝑏𝑘𝑒𝜇
2
) + 𝑏 (
𝑅
𝐿
(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) −
𝑅𝑐𝑘𝑒
3
𝐿3
) + 𝜇 (𝑏 (
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) + 𝜇 (
𝑅𝑏𝑘𝑒
𝐿2
+
𝑏𝑘𝑒𝜇
𝐿
) +
𝑎𝑏𝑘𝑒 cos 𝑥1
𝐿
) −
𝑎𝑏𝑘𝑒𝑥2 sin 𝑥1
𝐿
𝑐 (
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
)
−𝑐 (
𝑅
𝐿
(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) −
𝑅𝑐𝑘𝑒
3
𝐿3
)
𝑅
𝐿
(
𝑅
𝐿
(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
) −
𝑅𝑐𝑘𝑒
3
𝐿3
) −
𝑐𝑘𝑒
2
𝐿
(
𝑅2𝑘𝑒
𝐿3
−
𝑐𝑘𝑒
3
𝐿2
)
]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
C = [𝐠, ad𝐟 𝐠, ad𝐟
2 𝐠, ad𝐟
3 𝐠, ad𝐟
4 𝐠] 
C = 
[
 
 
 
 
0 0 −711.0 −1.4 × 106 −5.8 × 104cos 𝑥1 − 2.7 × 10
9
0 711.0 1.4 × 106 5.8 × 104𝑐𝑜𝑠 𝑥1 + 2.7 × 10
9 1.1 × 108 cos 𝑥1 − 5.8 × 10
4𝑥2𝑠ⅈ𝑛𝑥1 + 5.1 × 10
12
0 0 1.7 × 105 3.3 × 108 6.4 × 1011
0 −1.7 × 105 −3.3 × 108 −6.4 × 1011 −1.2 × 1015
4.3 8.3 × 103 1.6 × 107 3.1 × 1010 6.0 × 1013 ]
 
 
 
 
 
with the parameter a and b we calculated in section 6.3 and those in Table 2. And  
𝑐 =
1
𝐼2
=
1
2.495×10−5
= 40080[rad/(Nm∙s2)], which is measured by Block [1] using 
the same RWP product. 
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